The roots of the general equation of degree n satisfy an A-hypergeometric system of di erential equations in the sense of Gel'fand, Kapranov and Zelevinsky. We construct the n distinct A-hypergeometric series solutions for each of the 2 n?1 triangulations of the Newton segment. This works over any eld whose characteristic is relatively prime to the lengths of the segments in the triangulation.
Solving the Quintic
A classical problem in mathematics is to nd a formula for the roots of the general equation of degree n in terms of its n + 1 coe cients. While there are formulas in terms of radicals for n 4, Galois theory teaches us that no such formula exists for the general quintic a 5 x 5 + a 4 x 4 + a 3 x 3 + a 2 x 2 + a 1 x + a 0 = 0:
(1:1) An alternative approach is to expand the roots into fractional power series (or Puiseux series). In 1757 Johann Lambert expressed the roots of the trinomial equation x p + x + r as a Gauss hypergeometric function in the parameter r. Series expansions of more general algebraic functions were subsequently given by Euler, Chebyshev and Eisenstein, among others. The poster \Solving the Quintic with Mathematica" 12] gives a nice introduction to these classical techniques and underlines their relevance for symbolic computation.
The state of the art in the rst half of our century appears in works of Richard Birkeland 2] and Karl Mayr 10] . They proved that the roots are multivariate hypergeometric functions (in the sense of Horn) in all of the coe cients and they gave series expansions for the roots and their powers. The purpose of this note is to re ne the these results.
Our point of departure is the fact that the roots satisfy the A-hypergeometric di erential equations introduced by Gel'fand, Kapranov and Zelevinsky 6], 7]. Here A denotes the con guration of n + 1 equidistant points on the a ne line. It follows from recent work of McDonald 11] that there are 2 n?1 distinct complete sets of series solutions, one for each of the 2 n?1 triangulations of A. We shall construct these series solutions explicitly.
Let us illustrate our general construction for the example of the quintic (1.1). Here the set A has 16 distinct triangulations. The nest triangulation divides A into ve segments of unit length. The coarsest triangulation of A is just a single segment of length 5.
For the nest triangulation we get the following expressions for the ve roots of (1. Each coe cient appearing in one of these series is integral. Therefore our ve series solutions of the general quintic are characteristic-free. They work over any base eld.
The situation is di erent for the coarsest triangulation of A. Here 
The Roots are A-hypergeometric
Our problem is to compute the roots of the general equation of degree n, f(x) = a 0 + a 1 x + a 2 x 2 + : : : + a n?1 x n?1 + a n x n :
Each root of f(x) is an algebraic function in the indeterminate coe cients: X = X(a 0 ; a 1 ; a 2 ; : : : ; a n?1 ; a n ): X(a 0 ; ta 1 ; t 2 a 2 ; : : : ; t n?1 a n?1 ; t n a n ) = 1 t X(a 0 ; a 1 ; a 2 ; : : : ; a n?1 ; a n ); X(ta 0 ; ta 1 ; ta 2 ; : : : ; ta n?1 ; ta n ) = X(a 0 ; a 1 ; a 2 ; : : : ; a n?1 ; a n ):
The equations (2.2) appeared in Karl Mayr's 1937 paper 10, equation (2) on page 284]. I shall present two proofs di erent proofs. The rst one was shown to me in the spring of 1992 by Jean-Luc Brylinski. See 3] for an appearence of (2.2) in di erential geometry. Brylinsky's proof of (2.2): It uses implicit di erentiation and works over any base eld.
We consider the rst derivative f 0 (x) = P n i=1 ia i x i?1 and the second derivative f 00 (x) = P n i=2 i(i ? 1)a i x i?2 . Note that f 0 (X) 6 = 0, since a 0 ; : : : ; a n are indeterminates. Di erentiating the de ning identity P n i=0 a i X(a 0 ; a 1 ; : : : ; a n ) i = 0 with respect to a j , we get X j + f 0 (X) @X @a j = 0:
We next di erentiate @X=@a j with respect to the indeterminate a i : The expression (2.7) depends only on the sum of indices i + j. This proves (2.2).
A complex analysis proof of (2.2): Suppose we are working over the eld of complex numbers C. Consider the logarithmic derivative log(f(x))] 0 = f 0 (x)=f(x). We view it as a rational function in a 0 ; a 1 ; : : : ; a n and di erentiate with respect to these variables:
This shows that log(f(x))] 0 satis es the quadratic A-hypergeometric equations (2.2).
Proposition 2.1 follows by di erentiating under the integral sign in Cauchy's formula
zf 0 (z) f(z) dz; (2:8) where ? is a su ciently small loop in the complex plane.
Series Expansions
For any rational number u and any integer v we abbreviate Gel'fand, Kapranov and Zelevinsky constructed a complete set of series solutions for each regular triangulations of the set A. We shall adapt their general construction to our special case. Extra care must be taken, however, because our equations (2.3) do not satisfy the non-resonance hypothesis which is necessary for 5, Theorem 3] to hold.
We write 0; 1; : : : ; n for the points in our con guration A in (2. We are now prepared to present the main result of this note. In the remainder of Section 3 we shall be working over the eld of complex numbers C. Let U be the region in the coe cient space C n+1 de ned by the inequalities (3.2) for M 0. There exists a vector V 2 R n+1 such that (log(ja 0 j);::: ; log(ja n j)) ? V 2 C for all (a 0 ; : : : ; a n ) in U. Let H be the space of all complex-valued functions on U which are A-hypergeometric with parameters ? ?1 0 . The A-hypergeometric system is holonomic of rank n and its singular locus, the discriminantal locus of f, is disjoint from U (see 5]). Hence H is a complex vector space of dimension at most n. We shall identify n linearly independent elements in H, which will imply that H has dimension exactly n.
It follows from 5, Proposition 2] that the series a u 0 0 a u n n de ned in (3.1) converges in U provided at most two of the exponents u i are non-integers. Each of the summands in the de nition of X j; has this property. Therefore X j; converges in U. Using Lemma 3.1, we conclude that the n series X j; lie in the vector space H. a i n n (with rational exponents) is de ned to be w 0 i 0 +w 1 i 1 + + w n i n . We replace the input equation by its toric deformation f t (x) = a 0 t w 0 + a 1 t w 1 x + a 2 t w 2 x 2 + : : : + a n?1 t w n?1 x n?1 + a n t w n x n : (3:3) We shall study the n roots as an algebraic function of t. where satis es 5 = ?1. We shall prove that j; (1) = X j; for all (a 0 ; : : : ; a n ) 2 U. To this end we rst determine the second lowest term in the series j; (t). After modifying the weight vector w by an a ne transformation w i 7 ! w i + , which does not alter the structure of the series, we may assume that w i j = w i j?1 = 0, and there is a unique index r with w r = 1, and w l > 1 for l 2 f0;1;::: ; ngnfi j ; i j?1 ; rg. An Therefore the roots themselves are linearly independent over C. Moreover, they all satisfy the A-hypergeometric system with parameter ? ?1 0 , by Proposition 2.1. We conclude that the space H is n-dimensional and the roots j; (1) form a basis for H.
We wish to prove j; (1) = X j; . It su ces to show T( j; (1)) = T(X j; ) because the functional T de ned above separates the space H. Equivalently, given any generic w in C, we must show that, in the w-grading, X j; has the same rst two terms as j; (1) . This is clear for the rst term, so we only need to look at the second term The answer is no. The coordinates of the roots (X 1 ; : : : ; X n ) are not A-hypergeometric. The global residue is a rational function. It is of importance in elimination theory. We plan to extend the techniques in Section 3 to the setting of Proposition 5.1 in a subsequent joint work with E. Cattani and A. Dickenstein. The goal of that project is to develop new formulas and algorithms for computing local and global residues. Another interesting question is whether explicit Puiseux series expansions of (5.1) might be useful to improve the numerical component in the homotopy algorithm proposed in 9].
